Abstract: In this paper we introduce the concept of n-Lie-isoclinism on nonLie Leibniz algebras. Among the results obtained, we provide several characterizations of n-Lie-isoclinic classes of Leibniz algebras. Also, we provide a characterization of n-Lie-stem Leibniz algebras, and prove that every n-Lie-isoclinic class of Leibniz algebras contains a n-Lie-stem Leibniz algebra.
Introduction
The concept of isoclinism was introduced in 1939 by P. Hall in his attempt to classify p-groups using an equivalence relation weaker than the notion of isomorphism [10] . Later himself generalized the notion of isoclinism to that of isologism in [11] , which is in fact isoclinism with respect to a certain variety of groups. When the variety of all the trivial groups is considered, then the notion of isomorphism is recovered. When the chosen variety is the variety of all abelian groups, then the notion of isoclinism is recovered. When the variety of all nilpotent groups of class at most n is considered, then arises the notion of n-isoclinism.
This concept has been widely studied in several algebraic structures. For example, it is worth mentioning [2, 9, 13, 17, 20] in case of groups; [12] in case of pairs of groups; in case of Lie algebras [18, 19] and [16] in the case of pairs of Lie algebras.
Recently, the concept of isoclinism of Lie algebras has been considered in the relative context, given rise to the notion of Lie-isoclinism of Leibniz algebras [3] . Relative means that the notion of Lie-isoclinism arises through the Liezation functor (−) Lie : Leib → Lie which assigns the Lie algebra g Lie = g/ < {[x, x] :
x ∈ g} > to a given Leibniz algebra g, while the classical notion of isoclinism arises through the abelianization functor, which assigns to a Leibniz algebra g the abelian Leibniz algebra g [g,g] . This philosophy comes from the categorical theory of central extensions relative to a chosen Birkhoff subcategory of a semiabelian category. We refer to [3, 7, 8] and references given therein for a detailed explanation.
Our goal in this article is to study the notion of n-isoclinism relative to the Liezation functor, that is we consider the variety of Lie-nilpotent non-Lie Leibniz algebras of class at most n, called as n-Lie-isoclinism, which is an equivalence relation between two Leibniz algebras g 1 and g 2 for which there exist two isomorphisms η :
and ξ : γ Lie n+1 (g 1 ) → γ Lie n+1 (g 2 ) such that the following diagram is commutative:
where C 
2).
This paper is organized as follows: In section 2, we present some generalities and preliminaries. In section 3, we define the notion of n-Lie isoclinism between Lie-central extensions of Leibniz algebras and we prove the corresponding relative results and characterizations of several classical results on isoclinism of Lie algebras in this framework such as any Leibniz algebra is n-Lie-isoclinic to some Leibniz algebra h satisfying
is n-Lie-isoclinic if and only if γ is an isomorphism and Ker(β) ∩ γ Lie n+1 (g 1 ) = 0. In section 4, we study properties of n-Lie isoclinism of Lie-stem Leibniz algebras proving that every Leibniz algebra is n-Lie-iscolinic to some n-Lie-stem Leibniz algebra or that two n-Lie-isoclinic n-Lie-stem Leibniz algebras have isomorphic n-Lie centers.
Preliminary results on Leibniz algebras
Let K be a fix ground field such that 1 2 ∈ K. Throughout the paper, all vector spaces and tensor products are considered over K.
A Leibniz algebra [14, 15] is a vector space g equipped with a bilinear map [−, −] : g ⊗ g → g, usually called the Leibniz bracket of g, satisfying the Leibniz identity:
A subalgebra h of a Leibniz algebra g is said to be left (resp. right
If h is both left and right ideal, then h is called two-sided ideal of g. In this case g/h naturally inherits a Leibniz algebra structure.
Given a Leibniz algebra g, we denote by g ann the subspace of g spanned by all elements of the form [x, x], x ∈ g. It is clear that the quotient g Lie = g/g ann is a Lie algebra. This defines the so-called Liezation functor (−) Lie : Leib → Lie, which assigns to a Leibniz algebra g the Lie algebra g Lie . Moreover, the canonical epimorphism g ։ g Lie is universal among all homomorphisms from g to a Lie algebra, implying that the Liezation functor is left adjoint to the inclusion functor Lie ֒→ Leib.
Given a Leibniz algebra g, we define the bracket
Let m, n be two-sided ideals of a Leibniz algebra g. The following notions come from [7] , which were derived from [8] .
The Lie-commutator of m and n is the two-sided ideal of g
The Lie-center of the Leibniz algebra g is the two-sided ideal
The Lie-centralizer of m and n over g is
Definition 2.1 [7] Let n be a two-sided ideal of a Leibniz algebra g. The lower Lie-central series of g relative to n is the sequence
of two-sided ideals of g defined inductively by
We use the notation γ
g → q is a homomorphism of Leibniz such that ϕ(m) ⊆ n, where m is a two-sided ideal of g and n a two-sided ideal of q, then ϕ(γ 
3 n-Lie-isoclinic Leibniz algebras Let g 1 and g 2 be two Leibniz algebras, then we can construct the following n-Liecentral extensions
(1)
The Lie-central extensions (g 1 ) and (g 2 ) are said to be n-Lieisoclinic whenever there exist two isomorphisms η :
where
The pair (η, ξ) is called a n-Lie-isoclinism from (g 1 ) to (g 2 ), and will be denoted by (η, ξ) : (g 1 ) → (g 2 ).
Definition 3.2 Let g 1 and g 2 be Leibniz algebras. We say that g 1 and g 2 are n-Lie-isoclinic if (g 1 ) and (g 2 ) are n-Lie-isoclinic n-Lie-central extensions. We denote it by (η, ξ) :
Remark 3.3 Clearly, 0-Lie-isoclinism coincides with isomorphism and 1-Lie-isoclinism coincides with the notion of Lie-isoclinism given in [3] . Proof. The proof is straightforward Lemma 3.5 Let g be a Leibniz algebra, I an ideal of g, and h a subalgebra of g. Then a) g is n-Lie-isoclinic to g ⊕ n, for all Lie-nilpotent Leibniz algebra n of class n.
Consequently, under the above requirements for n and h,
Proof. To prove a), let n be a Lie-nilpotent Leibniz algebra of class n. Then γ
It is easy to check that η and ξ are isomorphisms and the corresponding diagram (2) commutes.
. η is clearly a surjective homomorphism. To show that η is one-to-one, it is enough to show that h ∩ Z
is a n-Lie-isoclinism, with the iden-
The converse inclusion is obvious and the commutativity of diagram (2) is trivial.
To prove c), assume that g ∼ n h and dim
. . , g n+1 ∈ g, is a well-defined isomorphism and the corresponding diagram (2) commutes. Therefore (η, ξ) is a n-Lie-isoclinism.
To prove e), assume that dim γ
.
Example 3.6 An example of the requirements in Lemma 3.5 b) is given by the four-dimensional non-Lie-nilpotent non-Lie Leibniz algebra
Remark 3.7 Lemma 3.5 b) in case n = 1 provides the isoclinism given in Proposition 3.20 c) in [3] .
Without loss of generality, assume that x ∈ γ Lie n (g). Then y := [x, g] lie ∈ t n for all g ∈ g, and y ∈ γ Lie n+1 (g). So y = 0 since t n ∩ γ Lie n+1 (g) = 0. This implies that x ∈ Z Lie (g), and so
be a n-Lie-isoclinism and consider the following set
There is a n-Lie-central extension (η
→ 0 isomorphic to (g 2 ), and n-Lie-isoclinic to (g 1 ).
Proof. Choose η ′ : id g 1 /Z Lie n (g 1 ) the identity map, and define ξ ′ : γ
is an isomorphism, and the diagram
is commutative by construction.
Proposition 3.10 For a n-Lie-isoclinism (η, ξ) : (g 1 ) ∼ n (g 2 ), the following statements hold:
, which implies that g ∈ Z Lie n (g 1 ) since η is one-to-one, and
c) Since (η, ξ) is a n-Lie-isoclinism, then the commutativity of diagram (2) provides:
For a n-Lie-isoclinism (η, ξ) : (g 1 ) ∼ n (g 2 ), consider the following sets:
and
Lemma 3.11
The following assertions are true:
Proof. The proof of a) is straightforward. b) follows from the property a) of Proposition 3.10.
For c), it is easy to check that Z g i , i = 1, 2, are two-sided ideals of K since Z Lie n (g i ) are two-sided ideals of g i , i = 1, 2. That Z g i ∩ γ Lie n+1 (K) = 0, i = 1, 2, is due to ξ being one-to-one.
To prove d), it is easy to check that the maps τ i : K → g i defined by τ i (g 1 , g 2 ) = g i are surjective homomorphisms with kernel Ker(τ i ) = Z g j , i, j = 1, 2 with i = j. The isomorphisms follow by the first isomorphism theorem. The isoclinisms follow from Lemma 3.
by statement c).
To prove e), consider the sets 
This implies that for every g 1 , . . . , g n−1 ∈ g 1 , and appropriate h 1 , . . . , h n−1 ∈ g 2 so that k 1 , . . . , k n−1 ∈ K with k i = (g i , h i ), we have
The proof for i = 2 is similar since η and ξ are isomorphisms.
As a consequence of Lemma 3.11, we have the following characterization of n-Lie-isoclinism classes of Leibniz algebras.
Corollary 3.12 Given g 1 and g 2 , two Leibniz algebras. Then g 1 and g 2 are n-Lieisoclinic if and only if there exist a Leibniz algebra h that is n-Lie-isoclinic to g 1 , and a surjective homomorphism θ from h onto g 2 such that Ker(θ) ∩ γ Proof. Assume that g 1 and g 2 are n-Lie-isoclinic and take h = K. Then by the proof of Lemma 3.11, we have h ∼ n g 1 and the surjective homomorphism θ := τ 2 :
Conversely, let h be a Leibniz algebra such that h ∼ n g 1 and θ : h → g 2 be a surjective homomorphism satisfying Ker(θ) ∩ γ Lie n+1 (h) = 0. Then by the property d) of Lemma 3.5,
Corollary 3.13 Given g 1 and g 2 , two Leibniz algebras such that g 2 is isomorphic to g 1 /I for some two-sided ideal I of g 1 satisfying I ∩ γ Lie n+1 (g 1 ) = 0, then the following hold:
, for k = 0, . . . , n.
Proof. To prove a), let s be a two-sided ideal of g 1 such that Z
) = 0. It follows by the property d) of Lemma 3.5 that
b) Let k ∈ {0, . . . , n} and set t := I ∩ γ Lie k+1 (g 1 ). It is not hard to verify that t ∩ γ [6] ). Take the two-sided ideal J = {a 2 } , γ Lie n+1 (g 1 ) = {a 1 } , hence the intersection is zero. Take g 2 = g 1 /J = {a 1 , a 3 } . Proposition 3.15 Given g 1 and g 2 , two n-Lie-isoclinic Leibniz algebras. Then there exist two Leibniz algebras h 1 and h 2 and a Lie-nilpotent Leibniz algebra n of class at least n satisfying the following:
Proof. Keeping in mind the above notations, consider the set
It is easy to check that α 1 and α 2 are Leibniz algebra homomorphisms with
Then one easily verifies that n is Lienilpotent of class at least n since γ
iff j ≥ n + 1. Now combining the properties a) and d) of Lemma 3.5 and Lemma 3.11 d) with the first isomorphism theorem, we have
This proves a) and b).
The result c) is due to the property b) of Lemma 3.5 since h 2 is a subalgebra of h 1 ⊕ n and the condition [Z
Lie n−1 (g 2 ), since for y 1 , . . . , y n−1 ∈ g 2 , and appropriate x 1 , . . . , x n−1 ∈ g 1 , such that k i = (x i , y i ) ∈ K, i = 1, . . . , n − 1, and keeping in mind that k ∈ Z
. . , y n−1 ] lie = 0, and thus y ∈ Z Lie n−1 (g 2 ). Now we have [(k+Z g 2 , k+γ
To prove d), we have by b) that g 2 ∼ n−1 h 2 . So by the property c) of Corollary 3.13,
The result now follows from the property c) of Lemma 3.5 since K is finite dimensional. Keep in mind that
is showed in the proof of statement c).
The mapping β is referred to as a n-Lie-
If β is in addition an epimorphism (resp., monomorphism), then (α, β, γ) is called a n-Lie-isoclinic epimorphism (resp., monomorphism).
is n-Lie-isoclinic if and only if γ is an isomorphism and Ker(β)∩γ
is a n-Lie-isoclinism for some isomorphism
, and γ :
is an isomorphism. Let
is a n-Lieisoclinism, we have
(ỹ 1 , . . . ,ỹ n+1 ) for some y 1 , . . . , y n+1 ∈ g 2 . Since γ 1 is onto, we haveỹ i = γ(x i ) = β(x i ), i = 1, . . . , n + 1. It follows that Proof. Let (α, β, γ) : (g 1 ) → (g 2 ) be a n-Lie-isoclinic homomorphism induced by β. Then by Proposition 3.17, Ker(β) ∩ γ Lie n+1 (g 1 ) = 0. To show that Im(β) + Z Lie n (g 2 ) = g 2 , let h ∈ g 2 . Since γ is onto and (α, β, γ) is a homomorphism of n-Lie-central extensions, we haveh = γ(ḡ) = β(g) for some g ∈ g 1 . It follows that h − β(g) ∈ Z Lie (g 2 ) i.e, h = β(g) + z for some z ∈ Z Lie (g 2 ). This proves g 2 ⊆ Im(β) + Z Lie n (g 2 ), the other inclusion being obvious. Conversely, suppose that Ker(β) ∩ γ Lie n+1 (g 1 ) = 0 and Im(β) + Z Lie n (g 2 ) = g 2 . We claim that the maps α := β| Z Lie n (g 1 ) and γ :
Lie n (g 2 ) defined by γ(ḡ) = β(g) are well-defined homomorphisms for every integer n. We prove by induction that β(Z Lie n (g 1 )) ⊆ Z Lie n (g 2 ). Let x ∈ Z Lie n (g 1 ) and h ∈ g 2 , then h = β(g) + z for some g ∈ g 1 and z ∈ Z Lie n (g 2 ). By inductive hypothesis, we have
and thus β(x) ∈ Z Lie n (g 2 ). One easily verifies that (α, β, γ) : (g 1 ) → (g 2 ) is a homomorphism of n-Lie-central extensions. It remains to show that it is n-Lie-isoclinic. By Proposition 3.17, it is enough to show that γ is an isomorphism. γ is onto because every h ∈ g 2 can be written as h = β(g) + z for some g ∈ g 1 and z ∈ Z Lie n (g 2 ), yieldingh = β(g) = γ(ḡ). To show that γ is one-to-one, let x ∈ g 1 satisfying γ(x) = 0, i.e. β(x) ∈ Z Lie n (g 2 ). Let g 1 , . . . , g n ∈ g 1 . We need to show that t :
This completes the proof.
4 Some properties on n-Lie-stem Leibniz algebras Definition 4.1 A Leibniz algebra g is said to be n-Lie-stem Leibniz algebra whenever
The lemma below characterizes n-Lie-stem Leibniz algebras. Proof. Assume that g is not a n-Lie-stem Leibniz algebra and let g ∈ Z Lie n (g) with g / ∈ γ Lie n+1 (g). Consider the two-sided ideal I := span{g}. Then I is a nonzero two-sided ideal of g satisfying I ∩ γ Lie n+1 (g) = 0.
Conversely, suppose that g is a n-Lie-stem Leibniz algebra and let I be a two-sided ideal of g satisfying I ∩ γ .
Proof
. Let s be a n-Lie-stem Leibniz algebra that is n-Lie-isoclinic to g. Then by definition,
. So it is enough to prove that Z . Therefore dim (q) ≤ dim (h). Conversely, let q ∼ n g such that q has the minimum dimension. Owing to Proof. Let g and q be two n-Lie-isoclinic n-Lie-stem Leibniz algebras. In view of proof of Theorem 4.5 and isomorphism ξ : γ 
